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Abstract
The evolution of a coherently oscillating scalar field with Z2 symmetry is studied in
detail. We calculate the dissipation rate of the scalar field based on the closed time path
formalism. Consequently, it is shown that the energy density of the coherent oscillation
can be efficiently dissipated if the coupling constant is larger than the critical value, even
though the scalar particle is stable due to the Z2 symmetry.
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1 Introduction
Scalar fields often appear in extensions of the Standard Model (SM) and play various roles in
cosmology. The impacts of a scalar field are most prominent if it obtains a large field value dur-
ing inflation. This is because the coherent oscillation of a scalar field has huge energy density,
which might alter the subsequent cosmological evolution scenarios. In particular, the exis-
tence of such a scalar field with too long lifetime to decay before the big-bang nucleosynthesis
(BBN) is problematic. It is known as the cosmological moduli problem [1,2].
Despite its importance, the dynamics of scalar fields in the hot thermal Universe has not
been understood well. Let us summarize current understandings on the fate of the scalar field
coherent oscillation:
• In the limit of large scalar mass, the perturbative decay rate determines the epoch when
it decays.
• If the temperature of the cosmic plasma is (much) higher than the scalar field mass, the
perturbative decay is blocked due to thermal masses of the decay products. Instead, the
effects of thermal dissipation on the scalar field becomes important [3–5].
• If the amplitude of the scalar field is large enough, it acts as the non-adiabatic back-
ground for the coupled particles. It induces the non-perturbative particle production [6].
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All these effects significantly affect and complicate the scalar dynamics. The full analysis in
broad parameter ranges was carried out in Ref. [7, 8] in the case where the scalar field has a
yukawa/gauge coupling to light fermions/bosons.
In this paper, we study the scalar field dynamics when the real scalar field φ has a Z2 sym-
metry (φ → −φ), which is broken neither explicitly nor spontaneously. Phenomenologically
such a scalar field may be introduced to account for the dark matter (DM) of the Universe [9].
Depending on its mass and couplings, its thermal relic abundance can be consistent with ob-
served DM abundance. However, this argument is based on an assumption that there is no
coherent oscillation contribution.♣1 Moreover, such a scalar field may play a role of inflaton or
curvaton (see e.g. Refs. [10,11]). One might expect that the scalar field is stable and hence the
coherent oscillation of such a scalar field is cosmologically disastrous. However, this intuition
is not always true. Although the perturbative decay around the vacuum φ = 0 does not occur,
the scalar field can dissipate its energy through scatterings with particles in thermal bath. If
this is efficient, the amplitude of the scalar field may damp to a cosmologically harmless level.
To be concrete, let us consider a following toy model invariant under Z2: φ 7→ −φ
L =Lkin−
1
2
m2
φ
φ2−λ2φ2|χ|2+Lothers (1.1)
where λ is a coupling constant assumed to be perturbative, Lkin denotes canonical kinetic
terms and Lothers represents the other light fields including gauge bosons. Note that the scalar
φ is assumed to interact with other light fields only through λ2φ2|χ|2. A complex scalar χ is
assumed to be charged under some gauge group (e.g., SM gauge group) and lighter than φ in
the vacuum and its bare mass is neglected in the following. We also assume that χ can decay
into other light particles in the presence of non-zero expectation value of φ, for instance via a
Yukawa interaction. Through these gauge and Yukawa interactions, χ field has contact with
the other light particles. For simplicity, we consider the case where the gauge and Yukawa
couplings, g and y, are roughly the same orders g ∼ y and the coupling between φ and χ is
small λ≪ α := g2/(4π). A typical example within this toy model is the singlet extension of
the SM where φ is a singlet and χ is SM Higgs boson, which is charged under SU(2)W×U(1)Y
and has the large top Yukawa coupling.
Throughout this paper, we consider the case where initially φ is displaced far from its
potential minimum. That is a typical situation for mφ ≪ Hinf with Hinf being the Hubble
parameter during inflation. The evolution of scalar condensate is governed by the following
effective equation of motion:
φ¨ +

3H(T ) + Γφ(φ; T )

φ˙ +
∂ Veff(φ; T )
∂ φ
= 0, (1.2)
where T is the temperature of ambient plasma, H is the Hubble parameter, Veff is the effective
potential that imprints finite density corrections and Γφ is the dissipation rate of oscillating
scalar. φ begins to oscillate when the Hubble parameter becomes comparable to its effective
mass that encodes the finite density correction: meff
φ
:= [∂ Veff/(φ∂φ)]
1/2. If the oscillating φ
♣1It is possible that the scalar φ sits at the origin during inflation due to the positive Hubble induced mass
term. In this case, the coherent oscillation is not induced.
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condensation is completely broken into φ particles and thermalizes due to the dissipative term
Γφ before the number changing annihilation process decouples from thermal equilibrium, then
the remnant of φ fields is determined by the standard thermal freeze-out irrespective of its ini-
tial condition. On the other hand, if the oscillating scalar survives, then the present abundance
of scalar field may depend on its initial condition. Therefore, to predict the cosmological fate
of oscillating scalar field with Z2 symmetry, we have to compare the time scales relevant to its
relaxation with that of cosmic expansion.
In Sec. 2, we will not discuss the technical details to derive Eq. (1.2), rather intuitively
explain the basic results that will be derived in Sec. 3 and concentrate on the scalar field dy-
namics. In Sec. 3, we discuss the relation of the coarse-grained equations [including Eq. (1.2)]
that we use in Sec. 2 with the Schwinger-Dyson (Kadanoff-Baym) equations on Closed Time
Path (CTP) in detail. In particular, we evaluate the dissipation rate for oscillating scalar Γφ by
using the CTP formalism. Readers who are not interested in technical details can skip Sec. 3
and proceed to Sec. 4. Sec. 4 is devoted to the conclusions and discussion.
2 Dynamics of oscillating scalar field
In this section, we do not attempt to derive the coarse-grained equations [including Eq. (1.2)]
and to perform the detailed computation of dissipation rate Γφ . Readers who are interested
in these technical issues can find the detailed discussion in Sec. 3. Instead, let us concentrate
on the evolution of scalar condensate and its cosmological fate: whether or not the coherently
oscillating scalar can completely dissipate its energy against the cosmic expansion.
2.1 Beginning of oscillation
In this section, let us briefly discuss the time when the scalar field starts to oscillate. The
following arguments closely follow Ref. [12]. See also Sec. 3.
If there is a background plasma produced from the inflaton, the beginning time may be
affected since the effective potential is modified due to the presence of background thermal
plasma. Since the χ field becomes massless at the origin of φ’s potential, there might be a
sink. Such effects are imprinted in the free energy at one-loop level as:
V1-loop = Nd.o.f.×
T 4
π2
∫ ∞
0
dz z2 ln
h
1− e−
p
z2+λ2φ2/T2
i
(2.1)
where Nd.o.f. is the number of χ particles normalized by one complex scalar. For λ|φ|< T , this
term leads to the “thermal mass” [13]:
V1-loop = Nd.o.f.×
λ2T 2
12
φ2+ · · · (2.2)
at the leading order in λ [See also Eq. (3.51)].
On the other hand, if λ|φ| ≫ T , this term rapidly vanishes due to the Boltzmann suppres-
sion. However, even in this case, the free energy depends on the field value φ via higher loop
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contributions. Recalling that the free energy of hot plasma has a contribution proportional to
g2(T )T 4 with g(T ) being the gauge coupling constant at temperature T and that the gauge
coupling constant below the scale λ|φ| depends on φ logarithmically, one finds the “thermal
logarithmic” potential [14]:
Vth-log = aLα
2(T )T 4 ln

λ2φ2/T 2

(2.3)
with aL being an order one constant.
Therefore, the thermal free energy that may affect the onset of φ’s oscillation can be
parametrized as
Vth =
aMλ
2T 2φ2 for λ|φ|< T
aLα
2(T )T 4 ln

λ2φ2/T 2

for λ|φ|> T
(2.4)
with aM/L being order one constants. The effective potential for the scalar condensation is
given by the sum: Veff := m
2
φ
φ2/2+ Vth. The scalar field begins to oscillate when the Hubble
parameter becomes comparable to its effective mass:
HOS ≃max

mφ,λT (for λ|φ|< T ),αT 2/|φ| (for λ|φ|> T )

(2.5)
where HOS is the Hubble parameter at the beginning of oscillation, with the order one con-
stants aM/L being neglected for simplicity. It depends on the following parameters; the cou-
plings λ and α, the initial amplitude φi and the reheating temperature TR when and by which
term the scalar field begins to oscillate [7,12].
It is noticeable that if the oscillation of scalar field is so slow that the χ particles can closely
track the thermal equilibrium, then the scalar field also oscillates with this thermal free energy
(See also Sec. 3.3).
Note that we have neglected the Coleman-Weinberg correction, which may give a dominant
zero-temperature potential V ∝ λ4φ4 at a large field value [see Eq. (3.49)]. It would modify
the scalar dynamics in following ways. First, the initial field value φi cannot be arbitrary
large and it is bounded as φi ® Hinf/λ
2 with Hinf being the Hubble parameter during inflation.
Second, if it oscillates with φ4 potential, its energy density behaves as radiation rather than
non-relativistic matter. Third, there can be a non-perturbative self particle production effect
due to φ4 interaction. All these effects tend to reduce the scalar energy density compared with
the case without φ4 potential. Therefore, the scalar energy density estimated in the following
should be regarded as a maximally possible one. Actually the Coleman-Weinberg correction of
V ∝ λ4φ4 does not appear if the theory is embedded in supersymmetry. We will discuss that,
even in such a case, the scalar energy density can be completely dissipated.
2.2 Non-thermal/Thermal dissipation
In this section, we analyze how the oscillating scalar field dissipates its energy into background
plasma intuitively. See Sec. 3 for details. There are roughly two classes of dissipation. (i)
The oscillating scalar field loses its energy via the non-perturbative production [6] (See also
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Sec. 3.2). (ii) The oscillating scalar field loses its energy via the thermal dissipation due to the
abundant background thermal plasma [3–5] (See also Sec. 3.3). Let us discuss them in the
following.
2.2.1 Non-thermal dissipation
After the onset of oscillation, the scalar field oscillates around its effective potential minimum,
and hence the coupled χ particles have a time dependent dispersion relation: ω2
χ
= p2 +
m2
χ,th
+ λ2φ2(t).♣2 The non-perturbative particle production occurs when the adiabaticity of
χ particles is broken down |ω˙χ/ω2χ | ≫ 1 and the φ’s amplitude φ˜ is so large that λφ˜ ≫
mφ [7,8]:
♣3
λφ˜≫max
mφ , m2χ,th
mφ
 . (2.6)
Note that the non-perturbative production is “blocked” if the temperature of background
plasma is so high that λφ˜mφ ® m
2
χ,th
.
Throughout this paper, the χ particle is assumed to decay into other light particles with a
fairly large rate. Hence, the non-perturbatively produced χ particles tend to decay completely
well before the oscillating scalar moves back to its origin again [15]. This is the case for
y2λφ˜≫ mφ (2.7)
with the decay rate of χ being Γ
χ
dec
∼ y2λ|φ(t)|, and we mainly concentrate on this case in
the following.♣4 If Eq. (2.7) is satisfied, the scalar field loses its energy via the perturbative
decay of χ into other light particles for each crossings of |φ| < φNP. It is noticeable that the
decay is dominated at the outside of the non-adiabatic region and hence the usage of “particle
decay” is justified a posteriori. The effective dissipation rate can be evaluated as
ΓNP
φ
∼ Nd.o.f×
λ2mφ
2π4|y| . (2.8)
The produced light particles via the decay of “heavy” χ typically have large momenta com-
pared to the thermal distribution. This is the so-called under occupied situation and its ther-
malization is extensively studied (See Ref. [16] for instance). If the thermalization time scale
of these light particles is much faster than the oscillation period of scalar field, one can easily
track the evolution of oscillating scalar/plasma system with assuming that the background
plasma remains in thermal equilibrium [8].
♣2Here we assumed that the background plasma can remain in thermal equilibrium. Otherwise, the screening
mass of χ particles may not be described by the “thermal mass”.
♣3One can show that if the scalar oscillates with the thermal free energy, the non-perturbative production does
not occur for λ≪ α [7]. See also Fig. 2 in the Appendix.
♣4Otherwise, the parametric resonance occurs due to the induced emission effect from the previously produced
χ particles. See also the discussion in Appendix. A.
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2.2.2 Thermal dissipation
When the condition Eq. (2.6) is violated (or the outside of non-adiabatic region), the particle
concept of χ field is well defined in the WKB sense. In this regime, the oscillating scalar
dissipates its energy due to the presence of abundant background plasma.
It is practically difficult to follow the evolution of oscillating scalar/plasma system in a gen-
eral setup. However, there are particular cases where the equations become rather simple as
shown in Sec. 3.3. (a) The oscillation of scalar field is so slow that χ can be assumed to be in
thermal equilibrium at each field value. (b) The amplitude of oscillating scalar is smaller than
thermal mass of χ and hence χ remains in thermal equilibrium. For clarity, we have discussed
the relation of the coarse-grained eqs. with Schwinger-Dyson eqs. on CTP and summarized the
technical details in Sec. 3. (See also Ref. [7].) In this section, we will not repeat the technical
details but summarize basic results to study the coarse-grained dynamics of oscillating scalar,
and then see how the oscillating scalar/plasma system evolves.
The Case (a)mφ≪αT :
Before going into details, let us recall that since we will study the case where the scalar
field oscillates slowly in the following, the naive “perturbative decay” of scalar field into quasi-
particles in thermal plasma is not possible due to the relatively large screening mass of would-
be decay products compared with the effective mass of scalar field. However, even in this case,
the oscillating scalar can dissipate its energy into thermal background; roughly speaking, via
multiple scatterings.
First, let us consider the case of λ|φ(t)| ≫ T . Since the χ particles are assumed to decay
into other light particles in thermal plasma immediately, there are no χ particles in this case.
Nevertheless, the scalar field interacts with background thermal plasma via a dimension 5
operator that can be obtained from integrating out heavy χ fields, and through this interaction
the scalar field dissipates its energy. The dimension five operator is given by (δφ/φ¯)Faµν F
aµν
where φ¯ = φ( t¯) and δφ(t; t¯) = φ(t)− φ¯, and this term induces the following dissipation
factor [7,14,17,18]:
Γ
(dim5)
φ
∼ bα
2T 3
φ2( t¯)
, (2.9)
where
b =

T(r)
16π2
2
(12π)2
lnα−1
; (2.10)
typically, b ∼ 10−3. T(r) is the normalization of representation r: T(r)δab = Tr[t a(r)t b(r)].
Next, let us consider the case of λ|φ(t)| < T . In this regime, the χ particles can be
approximated to be as abundant as the thermal distribution since the scalar field is assumed
to oscillate slow enough. Actually, this is the case for λφ˜mφ ≪ m2χ,th [See Eq. (2.6)]. The
time scale δt , during which the oscillating scalar passes through the region λ|φ(t)| < T ,
can be estimated as δt ∼ T/(λφ˜mφ). Hence, the χ particles can be thermally populated
since Γprodδt ∼ y2T 2/(λφ˜mφ) ≫ 1. There are two processes of energy transportation from
oscillating scalar into light particles, so let us discuss them in turn.
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The first process is a counterpart of decay at vacuum via the effective three-point inter-
action (λ2〈φ〉φχ2), which is proportional to λ4φ2/mφ . In the thermal background plasma,
such a perturbative decay is not possible due to the large screening mass of χ. Instead, this
dissipation rate is modified to Eq. (3.54):
Γ
(a)
φ
∼ Nd.o.f.×
λ4φ2( t¯)
π2αT
. (2.11)
Here we have approximated the integrand factor to estimate the dissipation rate for λ|φ|< T .
On the other hand, in the case of λ|φ|> T , the exponential factor in the integrand dominates
and this dissipation rate is exponentially suppressed.
The second one is a scattering where the oscillating scalar condensation is scattered off by
abundant χ particles, namely φχ → ϕχ with ϕ being a φ-particle (φ is the oscillating scalar
condensation). The dissipation rate for this process can be estimated as Eq. (3.60):
Γ
(b)
φ
∼ Nd.o.f.×
λ4T 3
12πm2χ,th
. (2.12)
Importantly, this process alone cannot heat the background plasma, rather it drains energy
from the background plasma and produces ϕ particles instead. However, as we will see later,
whenever this scattering process [Eqs. (2.12)] dominates the dissipation of oscillating scalar,
the χ particles are relativistic and the energy of oscillating scalar is smaller than that of rela-
tivistic particles T 4 for mφ < T . Hence, the oscillating scalar is expected to dissipate its energy
without cooling the background plasma and the produced ϕ particles soon participate in the
thermal plasma via interactions imprinted in Eq. (3.77). See Sec. 2.3 for detail.
The Case (b) λφ˜≪mχ ,th:
In this case, in contrast to the case (a), the mass of oscillating scalar can be larger than αT
while the background plasma including χ particles is expected to remain in thermal equilib-
rium for the following reasons. First, the field value dependence of χ ’s mass can be neglected
since λφ˜ ≪ mχ,th. Second, the energy transportation rate from the oscillating scalar to the
background plasma is much smaller than the typical interaction rate of thermal plasma. Fi-
nally, both the broad and narrow resonances are not likely to occur in our case. See the
discussion at the beginning of Sec. 3.3.2.
In the case of mφ ≪ αT , the dissipation rates are the same as the case (a), and hence let
us concentrate on the case: αT ≪ mφ ≪ T . Similar to the case (a), there are two processes of
energy transportation.
The first one is a counterpart of decay at vacuum via the effective three-point interaction.
If the mass of oscillating scalar is smaller than the thermal mass of χ, the dissipation rate is the
same as the case (a) and it is given by Eq. (2.11). On the other hand, if the oscillating scalar
is heavier than the χ quasi-particles, then a perturbative decay (annihilation) is kinematically
allowed. Hence, the dissipation rate is given by Eq. (3.69):
Γ
(a)
φ
= Nd.o.f.×
λ4φ2
8πmφ
s
1−
m2
χ,th
m2
φ

1+ 2 fB(mφ)

θ

m2
φ
−m2
χ,th

. (2.13)
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The second one is the scattering by the abundant χ particles. In the former case (a), the
final particles ϕχ are almost collinear in the rest frame of thermal plasma, and hence the
phase space is suppressed. In contrast, for αT ≪ mφ ≪ T , the dissipation rate is given by
Eq. (3.72)
Γ
(b)
φ
∼ Nd.o.f.×
λ4T 2
48πmφ
(2.14)
where there are no ϕ particles. If the ϕ particles are as abundant as thermal one, then the
rate increases by a factor of 3/2.
2.3 Dynamics of oscillating scalar field
Then, using the obtained equations, let us study the dynamics of oscillating scalar with Z2
symmetry. The coarse-grained equation is given by
φ¨ +

3H(T ) + Γφ(φ; T )

φ˙ +
∂ Veff(φ; T )
∂ φ
= 0 (2.15)
where H is the Hubble parameter and
Veff(φ; T ) =
1
2
m2
φ
φ2+ Vth(φ; T ). (2.16)
Since we are interested in the evolution of energy density, it is convenient to consider quan-
tities averaged over a time interval that is longer than the oscillation period but shorter than
the Hubble and dissipation rate.
Until the averaged-dissipation rate, Γeff
φ
≡ Γφφ˙2/φ˙2 with · · · being the oscillation time
average, becomes as large as the Hubble parameter, the oscillating scalar mainly loses its
energy because of the Hubble expansion. In that regime, we can obtain the following scaling
solutions for the amplitude of oscillating scalar [7]:
φ˜ ∝

a−3/2 for zero temperature mass,
a−3/2T−1/2 for thermal mass,
a−3T−2 for thermal log,
(2.17)
with a being the scale factor.
The oscillating scalar condensation is expected to evaporate when the averaged-dissipation
rate becomes comparable to the Hubble parameter: Γeff
φ
≃ H. To estimate the evaporation
time, we have to know the averaged-dissipation factor in the various regimes. Hence, let us
study the averaged-dissipation rate in the following.
• The thermal mass: In this case, the oscillating scalar dissipates its energy via the effective
three point interaction [Eq. (2.11)] and the scatterings: φχ → ϕχ [Eq. (2.12)]. Taking
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the time-average, one finds the dissipation factor as
Γeff
φ
∼ Nd.o.f.×

λ4φ˜2
αT
for T < φ˜

≪ T
λ

,
λ4T
α
for φ˜ < T.
(2.18)
Here we have dropped numerical factors for brevity and approximated the thermal mass
of χ as mχ,th ∼ gT . Note that this dissipation rate is always smaller than the thermal
mass mφ,th ∼ λT since we have λ≪ α.
• The thermal log: In this case, for the large field value regime (λ|φ(t)| ≫ T), the dissi-
pation is caused by scatterings with gauge bosons in thermal plasma via the dimen-
sion five parameter [Eq. (2.9)]. On the other hand, for the small field value regime
(λ|φ(t)| < T), it is caused by the effective three point interaction [Eq. (2.11)] and the
scatterings: φχ → ϕχ [Eq. (2.12)]. By taking the time-average, one finds that the dissi-
pation is dominated by the effective three point interaction and the averaged-dissipation
rate is given by♣5
Γeff
φ
∼ Nd.o.f.×
λT 2
φ˜
. (2.19)
Here we have dropped numerical factors for brevity and approximated the thermal mass
of χ as mχ,th ∼ gT . Again, note that this dissipation rate is smaller than the effective
mass term αT 2/φ˜≫ Γeff
φ
since we have λ≪ α.
• The zero temperature mass: In most cases,♣6 if the non-perturbative particle production
occurs, then the dissipation of oscillating scalar is dominated by this process. Thus, in
the case of λφ˜mφ ≫max[m2χ,th,m2φ], the averaged-dissipation rate is given by
Γeff
φ
∼ Nd.o.f.×
λ2mφ
2π4|y| . (2.20)
Then, we concentrate on the case of λφ˜mφ ®max[m
2
χ,th
,m2
φ
]where the non-perturbative
production is blocked. First, let us consider the case of mφ ≪ αT . In the same way as the
thermal log potential, for the large field value regime (λ|φ(t)| ≫ T), the dissipation is
caused by the dimension five parameter [Eq. (2.9)], and for the small field value regime
(λ|φ(t)| < T), it is caused by the effective three point interaction [Eq. (2.11)] and the
♣5Note that the dissipation is computed in two limits λ|φ| ≫ T and λ|φ| ≪ T , and hence we have some
ambiguities in the intermediate regime.
♣6At the very time when the non-perturbative production terminates, the following condition is satisfied: gT <
k∗ < T . Since this implies φNP < T/λ, the thermal dissipation rate Eq. (2.11) may become comparable to
the non-perturbative production rate at this short transition time interval with gT < k∗ < T . However, in “most
cases” T < k∗, the non-perturbative particle production dominates the averaged-dissipation rate. See Appendix. B
of Ref. [8].
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scatterings [Eq. (2.12)]. Hence, the averaged-dissipation factor with mφ ≪ αT is given
by
Γeff
φ
∼ Nd.o.f.×

λT 2
αφ˜
for T
λ
≪ φ˜,
λ4φ˜2
αT
for T < φ˜≪ T
λ
,
λ4T
α
for φ˜ < T,
(2.21)
where we have dropped numerical factors.
Second, we consider the case: αT ≪ mφ ≪ T . This implies λφ˜ < T since we consider
λφ˜mφ ® max[m
2
χ,th
,m2
φ
]. Particularly, let us concentrate on a parameter region λφ˜ ≪
mχ,th ∼ gT because one can assume that the background plasma including χ is kept in
thermal equilibrium. See Sec. 3.3.2 for details. In the case of λφ˜ ≪ gT and αT ≪
mφ ≪ T , the averaged-dissipation rate can be expressed as [See Eq. (2.12)]:
Γeff
φ
∼ Nd.o.f.×

λ4φ˜2
αT
for
q
αT
mφ
T < φ˜≪ gT
λ
λ4T 2
mφ
for φ˜ <
q
αT
mφ
T
with αT ≪ mφ ≪ gT ; (2.22)
Γeff
φ
∼ Nd.o.f.×

λ4φ˜2
mφ
for T < φ˜≪ gT
λ
λ4T 2
mφ
for φ˜ < T
with gT ≪ mφ ≪ T. (2.23)
Here we have dropped numerical factors for brevity.
Several remarks are in order:
• First, in any case, the amplitude dependent dissipation rate that is proportional to φ˜2
alone cannot fully transport the energy of oscillating scalar into the background plasma
since the dissipation rate decreases more rapidly than the Hubble parameter. The exis-
tence of scatterings in the small amplitude regime (φ˜ < T) is essential for the oscillating
scalar to transport its energy completely.
• Second, as mentioned in the pervious Sec. 2.2.2, the scatterings φχ → ϕχ alone cannot
heat the background plasma, rather it drains energy from thermal plasma and produces
ϕ particles instead. However, as one can see from Eqs. (2.18), (2.21), (2.22) and (2.23),
the scatterings dominate the dissipation rate for φ˜ < T at least. At that regime, the χ
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particles are relativistic and the energy fraction of oscillating scalar formφ < T is smaller
than that of relativistic particles T 4. Thus, we expect that the oscillating scalar dissipates
its energy without cooling the thermal plasma.
• Third, Eq. (2.23) implies the critical value of coupling λ that detemines whether or not
the oscillating scalar can dissipate its energy completely. This is because, the dissipation
rate that is proportional to T 2 in Eqs. (2.22) and (2.23) cannot exceed the Hubble rate
that is also proportional to T 2 in the radiation-dominated era.♣7 Hence, in order for
the oscillating scalar to successfully dissipate its energy, it should evaporate before the
temperature decreases as low as αT ® mφ . This implies the following critical value:
λc ∼

mφ
Mpl
1/4
. (2.24)
Below this critical value, the oscillating scalar survives from the thermal dissipation.
• Fourth, even after the coherently oscillating scalar disappears, the phase space distribu-
tion of produced ϕ particles is still shapely dominated by the IR momentum that is much
smaller than T . Let us estimate the time scale δtUV which the ϕ’s distribution takes to
evolve towards UV-regime T via the interactions imprinted in Eq. (3.77). First, the typ-
ical gain of the momentum of ϕ in each scatter ϕχ → ϕχ, denoted by δp, is given by
δp ∼ Eϕ/g2 as long as Eϕ ® gT . Thus the typical energy of ϕ just after the dissipation is
given by ∼ mφ/g2. Next, the typical scattering rate for mφ < αT is Γscat ∼ λ4T/α. Thus
the momentum of ϕ grows in a time scale of δtUV ∼ g2/Γscat. It is comparable to the
Hubble time scale at the completion of dissipation. Therefore, whenever the oscillating
scalar can completely dissipate its energy, the produced ϕ particles soon participate in
thermal plasma.
• Finally, in the case of mφ > T with λφ˜ < mφ , the annihilation of φ is thermally decou-
pled before the coherently oscillating scalar is broken into relativistic particles. Thus,
the coherently oscillating scalar survives and tends to dominate the Universe.
2.4 Numerical result
Now we are in a position to calculate the scalar dynamics including all the effects mentioned
before. The results of numerical calculation are shown in Fig. 1, where we have plotted
contours of the abundance of the coherently oscillating scalar field at present in units of DM
abundance on (φi,λ) plane: ρφ/ρDM with ρDM representing the DM abundance. We have
taken (mφ, TR) = (1TeV,10
5GeV) (top), (mφ, TR) = (1TeV,10
9GeV) (middle) and (mφ, TR) =
(1GeV,109GeV) (bottom). The regions with ρφ/ρDM < 1 are allowed. It is seen that, unless
the initial amplitude is very small, the dissipation is efficient so that the scalar field energy
density is efficiently dissipated into the radiation if the coupling λ is larger than the critical
value (2.24).
♣7In this case, φ˜ < T and mφ < T , the energy density of oscillating scalar is at most comparable to radiation.
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Figure 1: Contours of the abundance of the coherently oscillating scalar field in units of DM
abundance on (φi,λ) plane. We have taken (mφ, TR) = (1TeV,10
5GeV) (top), (mφ , TR) =
(1TeV,109GeV) (middle) and (mφ, TR) = (1GeV,10
9GeV) (bottom).
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In this figure, we have only taken into account the coherent oscillation. However, if the
dissipation effect is strong enough, the scalar field is expected to be thermalized in the plasma
with temperature higher than the scalar mass. After the temperature drops to T ∼ mφ/20, the
scalar particles decouple from thermal bath and the resulting relic abundance is determined
by its self annihilation cross section [See Eq. (3.77)]:
〈σv〉ϕϕ→χχ ≃ Nd.o.f.×
λ4
8πm2
φ
s
1−
m2
χ
m2
φ
. (2.25)
The the relic abundance is estimated as
Ωϕh
2 ≃ 8× 10−1

1
Nd.o.f.

0.1
λ
4 mφ
100GeV
2
, (2.26)
where ρcr is the critical energy density at present. Therefore, in order for the thermal relic
abundance not to exceed the DM abundance, the coupling λ must be fairly large. In such a
case, the coherent oscillation is expected to be efficiently dissipated so that its contribution to
the relic energy density is safely neglected.
3 Formalism
Note that readers who are not interested in technical details can skip this section.
In this section, let us clarify the relation of the coarse-grained equations that we use
throughout this paper with the Schwinger-Dyson (Kadanoff-Baym) eqs. on CTP [19, 20] de-
rived from 2PI (two-particle irreducible) effective action [21]: the self consistent set of evolu-
tion equations for the mean field and two point correlators. See [22–24] for reviews. Though
the obtained coarse-grained equations are formally equivalent to 1PI (one-particle irreducible)
open system computaion with integrating out χ fields, we believe that the following argu-
ments may clarify approximations and their limitation from the perspective of full evolution
equations.
In the following, we denote the CTP contour C [25] ordered propagator as
G(x , y) =
¬
TC φˆ(x)φˆ(y)
¶
= θC (x
0, y0)G>(x , y) + θC (y
0, x0)G<(x , y), (3.1)
and the Jordan (spectral) and Hadamard (statistical) propagators as
GJ/H(x , y) =
D
φˆ(x), φˆ(y)

∓
E
(3.2)
with [•,•]∓ being the commutator and anti-commutator respectively.♣8 This implies the fol-
lowing relation:
G(x , y) =
1
2

GH(x , y) + sgnC (x
0, y0)GJ(x , y)

(3.3)
♣8Here and hereafter we consider bosonic fields. In the case of fermionic fields, we have to take care of
Grassmann nature of these fields.
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with sgnC being a sign function defined on the contour C . In the case of a spatially homo-
geneous system, the propagator depends on the difference of two distinct spatial points, and
hence it is convenient to perform the Fourier transformation:
G•(x
0, y0;p) =
∫
d3(x − y) e−ip·(x−y)G•(x , y). (3.4)
If the propagator is given by the thermal one, then one can further Fourier transform the
Green function:
Gth• (P) =
∫
d t eip0 tGth• (t;p) (3.5)
where (P) = (p0,p). For the thermal propagators, we have the Kubo-Martin-Schwinger (KMS)
relation [26]:
Gth
>
(P) = ep0/TGth
<
(P). (3.6)
This implies the following useful relations:
Gth
>
(P) =

1+ fB(p0)

ρth(P), (3.7)
Gth
<
(P) = fB(p0)ρth(P), (3.8)
Gth
H
(P) =

1+ 2 fB(p0)

ρth(P), (3.9)
with the spectral density being ρth(P) = G
th
J
(P) and the Bose-Einstein distribution being fB.
3.1 Schwinger-Dyson (Kadanoff-Baym) eqs.
To truncate the Schwinger-Dyson hierarchy systematically, it is convenient to make use of 2PI
effective action, which is defined as the double Legendre transformation of one point and two
point external sources [J(x) and J2(x , y)] that couple to the fields in consideration as J · Φ
and Φ · J2 ·Φ [21]. In the following, let us consider the case where other light particles than φ
and χ can remain in thermal equilibrium. The applicability of this approximation is discussed
in each cases later. Hence, we will not write down the contribution from other light fields
explicitly unless otherwise stated, and closely follow the discussion given in Ref. [27].
The 2PI effective action of Eq. (1.1) is given by [27]
Γ2PI[φ,Gϕ,Gχ] = S[φ] +
i
2
TrG−1
ϕ,0
· Gϕ −
i
2
Tr lnGϕ −
i
2
TrG−1
ϕ
· Gϕ
+ iTrG−1
χ,0
· Gχ − iTr lnGχ − iTrG−1χ · Gχ
+Γ2[φ,Gϕ,Gχ] (3.10)
where S[φ] represents the tree level action and the free propagators are defined as follows:
iG−1
ϕ,0
(x , y) = −
h
x +m
2
φ
i
δC (x , y) (3.11)
iG−1
χ,0
(x , y) = −

x +λ
2φ2(x)

δC (x , y), (3.12)
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and Γ2 contains all the two-particle irreducible vacuum bubbles, that depend on φ and Gφ/χ .
Here and hereafter possible gauge indices are suppressed for brevity unless otherwise stated.
By performing a weak coupling expansion, we can truncate the Γ2 systematically
♣9
iΓ2[φ,Gϕ,Gχ] =− iλ2
∫
C
d4x Gϕ(x , x)Gχ(x , x) (3.13)
+
1
2
(−2iλ2)2
∫
C
d4xd4 y φ(x)Gϕ(x , y)Gχ(x , y)Gχ(y, x)φ(y) (3.14)
+ 2
1
2
(−iλ2)2
∫
C
d4xd4 y Gϕ(x , y)
2Gχ(x , y)Gχ(y, x) (3.15)
+ · · · .
The Schwinger-Dyson (Kadanoff-Baym) eqs. can be obtained from
0=
δΓ2PI
δφ(x)
; 0 =
δΓ2PI
δGϕ(x , y)
; 0=
δΓ2PI
δGχ(x , y)
. (3.16)
Since we are interested in a spatially homogeneous system, it is convenient to perform the
spatial Fourier transformation. Then, the Schwinger-Dyson eqs. for two-point correlators:
G
χ/ϕ−1
0 · Gχ/ϕ = δC −Πχ/ϕ · Gχ/ϕ (3.17)
can be expressed as
h
∂ 2
t
+ p2 +M2
χ/φ
(t)
i
G
χ/ϕ
J (t , t
′;p) =+ i
∫ t
t ′
dτΠ
χ/ϕ
J (t ,τ;p)G
χ/ϕ
J (τ, t
′;p) (3.18)
h
∂ 2
t
+ p2 +M2
χ/φ
(t)
i
G
χ/ϕ
H (t , t
′;p) =+ i
∫ t
tini
dτΠ
χ/ϕ
J (t ,τ;p)G
χ/ϕ
H (τ, t
′;p)
− i
∫ t ′
tini
dτΠ
χ/ϕ
H (t ,τ;p)G
χ/ϕ
J (τ, t
′;p) (3.19)
where the effective masses are given by
M2
φ
(t) = m2
φ
+λ2
∫
p
G
χ
H(t , t;p), (3.20)
M2
χ
(t) = m2
χ,th
+λ2
φ2(t) + 1
2
∫
p
G
ϕ
H(t , t
′;p)
 . (3.21)
♣9Here we have ignored three loop diagrams of the higher order in the coupling λ. This implies that λ2φ
expansion should be controlled. Since the effective mass λ2φ2 is completely resummed, the χ becomes heavy
at large field value of φ. Hence, their number density is quite suppressed in our case because the χ has thermal
contact with other light particles and can decay immediately. Thus, the contribution from a large φ is expected
to be suppressed for λ|φ|> T .
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Here we have explicitly written down the thermal mass of χ field, mχ,th, that emerges from
the gauge/Yukawa interaction with the background plasma, and it is roughly evaluated as
mχ,th ∼ gT (∼ yT ) with T being the temperature of background plasma. Aside from the
contribution of interactions with the background plasma, the self energies of χ/ϕ are given
by:
Π
χ
J (x , y)⊃+ 2λ4φ(x)

G
ϕ
J (x , y)G
χ
H(y, x)− GϕH(x , y)GχJ (y, x)

φ(y) (3.22)
+λ4G
ϕ
J (x , y)G
ϕ
H(x , y)G
χ
H(y, x)−
λ4
2
h
G
ϕ2
H (x , y) + G
ϕ2
J (x , y)
i
G
χ
J (y, x), (3.23)
Π
χ
H(x , y)⊃+ 2λ4φ(x)

G
ϕ
H(x , y)G
χ
H(y, x)− GϕJ (x , y)GχJ (y, x)

φ(y) (3.24)
−λ4GϕJ (x , y)GϕH(x , y)GχJ (y, x) +
λ4
2
h
G
ϕ2
H (x , y) + G
ϕ2
J (x , y)
i
G
χ
H(y, x), (3.25)
Π
ϕ
J (x , y)⊃+ 2λ4φ(x)

G
χ
J (x , y)G
χ
H(y, x)− GχH(x , y)GχJ (y, x)

φ(y) (3.26)
+λ4

G
χ
J (x , y)G
χ
H(y, x)− GχH(x , y)GχJ (y, x)

G
ϕ
H(x , y)
+λ4

G
χ
H(x , y)G
χ
H(y, x)− GχJ (x , y)GχJ (y, x)

G
ϕ
J (x , y), (3.27)
Π
ϕ
H(x , y)⊃+ 2λ4φ(x)

G
χ
H(x , y)G
χ
H(y, x)− GχJ (x , y)GχJ (y, x)

φ(y) (3.28)
+λ4

G
χ
J (x , y)G
χ
H(y, x)− GχH(x , y)GχJ (y, x)

G
ϕ
J (x , y)
+λ4

G
χ
H(x , y)G
χ
H(y, x)− GχJ (x , y)GχJ (y, x)

G
ϕ
H(x , y). (3.29)
On the other hand, the equation of motion for mean field is given by
0 =
h
∂ 2
t
+ 3H∂t +M
2
φ
(t)
i
φ(t)− i
∫ t
tini
dτΠJ(t ,τ)φ(τ) (3.30)
where
ΠJ(t , t
′) =Fx−y⋆λ4

G
χ
H(x , y)G
χ
H(y, x)G
ϕ
J (x , y)− GχJ (x , y)GχJ (y, x)GϕJ (x , y)
+G
χ
J (x , y)G
χ
H(y, x)G
ϕ
H(x , y)− GχH(x , y)GχJ (y, x)GϕH(x , y)

(t , t ′;0) (3.31)
=Fx−y⋆

Π
ϕ
J (x , y)|φ=0

(t , t;0) (3.32)
with Fx−y being the spacial Fourier transformation with respect to x−y. Note that here the
adiabatic expansion of the Universe is taken into account explicitly.♣10
♣10Since we consider the regime where the cosmic expansion is adiabatic, it only red-shifts the particle distri-
bution imprinted in Eqs. (3.18) and (3.19). Hence, we do not explicitly write down the effects of expanding
background in Eqs. (3.18) and (3.19). We can reformulate the Schwinger-Dyson eqs. on CTP in terms of confor-
mal time [28].
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3.2 Non-perturbative particle production
First, let us study the non-perturbative χ particle production. Obviously, in this case, the χ
propagators are dynamical and hence we have to study the evolution of φ and Gχ at least
simultaneously.
To illustrate the essential feature, let us consider the following set of equations at first
discarding the self energy contributions [23]:
0 =
h
∂ 2
t
+m2
φ
i
φ(t), (3.33)
0 =
h
∂ 2
t
+ p2+m2
χ,th
+λ2φ2(t)
i
G
χ
J/H
(t , t ′;p). (3.34)
The applicability of these approximated equations is discussed later. Since we neglect the finite
density correction including the back-reaction to the oscillating scalar, the first equation reads
φ(t) = φ˜ cos[mφ t]. Here we take the initial time as tini = 0 without loss of generality and
concentrate on the case λφ˜ ≫ mφ in the following. Then, let us turn to the latter equation.
Initially, the χ particles are assumed to be absent, so the initial condition for G
χ
H is given by
G
χ
H(t , t
′;p)

t,t ′=0 =
1Æ
p2 +m2χ,th
, (3.35)
∂t∂t ′ G
χ
H(t , t
′;p)

t,t ′=0 =
Æ
p2 +m2χ,th, (3.36)
∂t G
χ
H(t , t
′;p)

t,t ′=0 = ∂t ′ G
χ
H(t , t
′;p)

t,t ′=0 = 0. (3.37)
Note that G
χ
J satisfies the canonical commutation relations:
G
χ
J (t , t
′;p)

t ′=t = ∂t∂t ′ G
χ
J (t , t
′;p)

t ′=t = 0, (3.38)
∂t ′ G
χ
J (t , t
′;p)

t ′=t =−∂t G
χ
J (t , t
′;p)

t ′=t = i. (3.39)
One finds the following factorized solutions:
G
χ
H(t , t
′;p) =
h
fp(t) f
∗
p
(t ′) + f ∗
p
(t) fp(t
′)
i
, (3.40)
G
χ
J (t , t
′;p) =
h
f ∗
p
(t) fp(t
′)− fp(t) f ∗p (t ′)
i
, (3.41)
where the equation of motion for each mode is given by
0 =
h
∂ 2
t
+ p2 +m2
χ,th
+λ2φ2(t)
i
fp(t), (3.42)
with the initial condition being
fp(0) =
1
p
2
h
p2 +m2
χ,th
i1/4 ; f˙p(0) =−i
h
p2+m2
χ,th
i1/4
p
2
. (3.43)
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This is nothing but the Mathieu equation.
Since the dispersion relation of χ particles depends on the oscillating scalar ω2
χ
= p2 +
m2
χ,th
+ λ2φ2(t), the adiabaticity for fp can be broken down |ω˙χ/ω2χ | ≫ 1 when the φ passes
through its potential origin φ ∼ 0. The amplitude of mode function fp suddenly grows at
φ ∼ 0 and the χ particles are non-perturbatively produced consequently, if the adiabaticity
is broken down and the amplitude of φ is large enough λφ˜ ≫ mφ as extensively studied in
Refs. [6]. This condition implies the following criteria for the non-perturbative production [7,
8]:
λφ˜≫max
mφ , m2χ,th
mφ
 . (3.44)
If the condition Eq. (3.44) is met, then the distribution function of χ particles suddenly
acquires the order one value after the first passage of non-adiabatic region: |φ| < φNP :=
[mφφ˜/λ]
1/2. Here and hereafter we define the distribution function of particles (• = ϕ,χ)
as f •
p
= [∂t∂t ′ + Ω
•2
p
]G•
H
(t , t ′;p)/(4Ω•
p
)|t ′→t − 1/2 outside the non-adiabatic region: φNP ≪
|φ(t)| [37,42].♣11 Here dispersion relations are defined as Ω•
p
:= [M2• +p
2]1/2 with •= ϕ,χ.
Then, the number density of χ particles is given by
nχ ≃ Nd.o.f.×
k3∗
4π3
; k∗ :=

λφ˜mφ
1/2
, (3.45)
where Nd.o.f. stands for the number of χ particles normalized by one complex scalar.
There are three remarks:
• First, Eq. (3.44) implies that the non-perturbative production is suppressed for k∗ ®
mχ,th.
• Second, here in Eq. (3.34), we have neglected the dissipative effects of χ from back-
ground plasma imprinted in self energy of χ [See for instance Eqs. (3.18) and (3.19)].
Let us estimate whether or not this effect disturbs the non-perturbative production.
Though it is rather subtle to estimate the dissipative effects inside the non-adiabatic
region since we cannot define χ particles, nevertheless we may roughly evaluate it as
follows. If ΓintδtNP ≪ 1 is satisfied with δtNP ∼ k−1∗ being the time scale which φ
takes to pass the non-adiabatic region and Γint being the typical interaction rate of χ
with background plasma, then we expect that the dissipation cannot disturb the non-
perturbative production. In most cases we expect Γint < gT and hence Eq. (3.44) implies
ΓintδtNP < mχ,th/k∗≪ 1.
• Third, after the “first” passage of non-adiabatic region: φNP > |φ(t)|, the subsequent
evolution crucially depends on the property of χ. Here we assume that the χ can decay
into other light particles with the rate being Γχ,dec ∼ y2mχ(|φ(t)|), which is imprinted
in the χ ’s self energy in Eqs. (3.18) and (3.19). Note that since the decay is dominated
♣11There are some ambiguities on the definition of particle number in terms of Green function [30].
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at the outside of non-adiabatic region, the concept of χ particle decay is justified a
posteriori.
If the decay rate is so large that y2λφ˜ ≫ mφ, the non-perturbatively produced χ can
decay completely well before the φ moves back to its origin [15]. In this case, the
dissipation rate reads
ΓNP
φ
∼ Nd.o.f ×
λ2mφ
2π4|y| . (3.46)
On the other hand, for y2λφ˜≪ mφ (or stable χ), the parametric resonance occurs due
to the induced emission factor of previously produced χ particles. Then, the key as-
sumption that the background plasma can remain in thermal equilibrium becomes ques-
tionable. Thus, we may have to follow the dynamics of these variables in background
plasma simultaneously. We do not consider this case in the following for simplicity. (See
e.g. Ref. [12].)
3.3 Coarse-Grained eqs. for the mean field
It is practically difficult to follow the evolution of mean field φ and propagators Gϕ/χ com-
pletely. See Refs. [29] for recent developments to study the dynamics of oscillating scalar from
first principles.
However, there are particular cases where the equations become rather simple; we do not
have to track the evolution of χ propagators in the following cases in contrast to the case
studied in Sec. 3.2. (a) If the oscillation of the scalar field is so slow that even χ particles can
regard the scalar condensation as a static background, one can reduce the full set of equations
to the coarse-grained equations with assuming that low order correlators of fast χ fields can
be approximated with the thermal ones. (b) If the amplitude of oscillating scalar is smaller
than the thermal mass of χ λφ˜ ≪ mχ,th, one can compute the thermal corrections by simply
assuming that the background plasma including χ particles remains in thermal equilibrium.
Let us discuss these two cases in the following.
3.3.1 Slowly oscillating scalar
Let us consider the case where the dynamics of scalar condensation is so slow that the low
order correlators of χ field can closely track the thermal equilibrium ones. Hence, in the
following, we concentrate on the region where the adiabaticity is not broken down and the
oscillation time scale is much slower than the typical interaction time scale of light particles.
Interestingly, the condition that the non-perturbative production does not occur (k2∗ ≪ m2χ,th)
[See Eq. (3.44)] implies that there is enough time for the χ particles to become as abundant
as thermal ones when the φ passes through the region |φ(t)|< T/λ. In this case, the obtained
set of equations can be reduced to coarse-grained equations.
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In the following, we focus on the regime λ|φ(t)| < T♣12 where the χ particles are rela-
tivistic. This is because, as shown in Sec. 2.3, this regime dominates the oscillation-averaged
dissipation rate of φ in most cases.
First, we evaluate the effective mass term M2
φ
(t). Since the dynamics of φ field is slow,
one can approximate the Eq. (3.17) around a time t¯ with φ( t¯) = φ¯:
Gχ(t , t
′;p) = Gχ,th(t , t
′;p)

φ¯
− i
∫
C
dτdτ′ Gχ,th(t ,τ;p)

φ¯
K(τ,τ′; φ¯)Gχ(τ, t
′;p) (3.47)
= Gχ,th(t , t
′;p)

φ¯
− 2iλ2φ¯
∫
C
dτ Gχ,th(t ,τ;p)

φ¯
δφ(τ; t¯) Gχ,th(τ, t
′;p)

φ¯
(3.48)
+ · · · ,
where K(τ,τ′; φ¯) := λ2

2φ¯δφ(τ; t¯) +δφ2(τ; t¯)

δC (τ,τ
′) − i

Πχ −Πχ |φ¯

(τ,τ′). Here
Gχ,th|φ¯ is the thermal propagators with φ( t¯) = φ¯ and we implicitly assume that the average
of arguments in the Green function is near t¯: (t + t ′)/2 ≃ t¯. In the second equality, we have
neglected contributions in K from higher orders in δφ and also from the self energy of χ.♣13
Note that in estimating the dissipation rate of slowly oscillating scalar, the latter self energy
contribution can be comparable to the result from λ2φ¯δφ, and the resultant dissipation rate
can change by several factors [31,32]. Nevertheless, we roughly estimate the dissipation factor
with dropping contributions from the self energy without taking care of factor uncertainties.
By inserting Eq. (3.48) to the effective mass term M2
φ
(t), one finds
M2
φ
( t¯) = m2
φ
+λ2
∫
p
G
χ,th
H ( t¯, t¯;p)

φ¯
(3.49)
− 4iλ4φ¯
∫
C
dτ
∫
p
Gχ,th( t¯,τ;p)

φ¯
δφ(τ; t¯) Gχ,th(τ, t¯;p)

φ¯
+ · · · . (3.50)
Note that the contributions from thermal log and possible Coleman-Weinberg potentials may
be imprinted in Eq. (3.49). For λ|φ| < T , the former term [Eq. (3.49)] encodes the thermal
mass of φ from the χ particles mφ,th [Eq. (2.2)]:
m2
φ,th
= Nd.o.f.×λ2
∫
p
fB(|p|)
|p| = Nd.o.f.×
λ2T 2
12
(3.51)
at the leading order in high temperature expansion. The latter term [Eq. (3.50)] encodes the
friction term of φ due to the abundant χ particles, so let us concentrate on this term:
−4iλ4φ¯
∫ t¯
tini
dτδφ(τ; t¯)
∫
p

Gχ,th
>
( t¯ ,τ;p)|φ¯Gχ,th< (τ, t¯;p)|φ¯ − Gχ,th< ( t¯,τ;p)|φ¯Gχ,th> (τ, t¯;p)|φ¯

.
♣12A field value φ(t) should not be confused with the amplitude φ˜. The amplitude φ˜ is not necessarily small
enough to satisfy λφ˜ < T .
♣13In the large field value regime λ|φ(t)| ≫ T , the contribution from χ ’s self energy may dominate the dissipa-
tion factor encoded in the effective mass term M2
φ
(t).
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Hereafter, we adopt the following approximations: δφ(τ; t¯) = φ˙(τ− t¯) + · · · and tini →−∞
since the motion of φ is assumed to be sufficiently slow. Then, the friction term of φ reads
Γ
(a)
φ
=−4iλ4φ( t¯)2
∫ 0
−∞
dττ
∫
ω1 ,ω2,p
ei(ω1−ω2)τ

fB(ω1)− fB(ω2)

ρχ,th(ω1,p)|φ¯ ρχ,th(ω2,p)|φ¯
=
2λ4φ2( t¯)
T
∫
ω,p
− fB(ω) fB(−ω)ρχ,th(ω,p)ρχ,th(ω,p). (3.52)
Here we have used the relations Eqs. (3.7) and (3.8): Gth
>
(P) = [1+ fB(p
0)]ρχ,th(P), G
th
<
(P) =
fB(p
0)ρχ,th(P) with the spectral density being ρχ,th(P) = G
χ,th
J (P). Assuming the Breit-Wigner
form for the spectral density of χ quasi-particles
ρχ,th(P)≃
2p0Γp
[p20 −Ω2p]2+ [p0Γp]2
(3.53)
and roughly approximating the thermal width as Γ ∼ αT 2/ω, one can estimate the dissipation
factor of φ as
Γ
(a)
φ
∼ Nd.o.f.×
λ4φ2( t¯)
π2αT
. (3.54)
Second, let us evaluate the non-local term: −iΠJ ∗φ. Again we assume that the dynamics
of φ is sufficiently slow δφ( t¯;τ) = φ˙(τ− t¯) + · · · and tini → −∞, and hence the non-local
term can be approximated with
−i
∫ t¯
−∞
dτΠJ( t¯,τ)φ(τ)⊃ −i
∫ t¯
−∞
dτ ΠJ( t¯ −τ; t¯)

φ¯
δφ(τ; t¯)≃ φ˙( t¯)
ΠJ(ω; t¯)

φ¯
2ω

ω→0
(3.55)
where the self energy is approximated by the gradient-expansion: ΠJ( t¯,τ) = ΠJ( t¯ − τ; [ t¯ +
τ]/2) = ΠJ( t¯−τ; t¯)+· · · .♣14 Here we have extracted a term that contributes to the dissipation
rate. Thus, the dissipation rate reads
Γ
(b)
φ
=
ΠJ(ω; t¯)

φ¯
2ω

ω→0
. (3.56)
Since there are no ϕ particles initially, let us assume that the propagators of ϕ can be approx-
imated with the vacuum one. Then, one finds
ΠJ(ω; t¯)|φ¯ = λ4
∫
K,Q,L

1+ 2 fB,k0

1+ 2 fB,q0

+ 1+ 2

1+ 2 fB,k0

sgn(l0)

ρχ,th(K)|φ¯ ρχ,th(Q)|φ¯ρϕ,vac(L) (3.57)
♣14Note that the correlation of two distinct time in the self energy is expected to decay much faster than the
motion of oscillating scalar since the scalar oscillates much slower than the typical interaction in thermal plasma.
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where ∫
K,Q,L
=
∫
d4K
(2π)4
d4Q
(2π)4
d4L
(2π)4
(2π)4δ
 −ω+ k0 + q0+ l0δ (k+ q+ l) . (3.58)
Although, in general, the distribution function of φ depends on the time t¯, as a reference
point, we estimate the dissipation factor of φ in the case where there is no φ particles. Then
the self energy can be evaluated as
ΠJ( t¯;ω)|φ¯ ≃ Nd.o.f.
λ4ω
4π3
 ∫
mχ ,th
dΩ
− fB(Ω) fB(−Ω)2Ω2−m2χ,th
m2χ,th
!
. (3.59)
Here we have dropped the Boltzmann suppressed term for brevity. Thus, the dissipation rate
reads
Γ
(b)
φ
∼ Nd.o.f.×
λ4T 3
12πm2
χ,th
. (3.60)
3.3.2 Oscillating scalar with small amplitude
Then, let us consider the case where the amplitude φ˜ is smaller than the thermal mass of χ
λφ˜ ≪ gT , but not necessarily mφ ≪ αT in contrast to the previous Sec. 3.3. In this case, we
expect the background plasma including χ particles to remain in thermal equilibrium during
the course of φ’s oscillation for the following reasons. First, the φ-dependent mass term of
χ can be safely neglected. Second, the energy transportation time scale from the oscillating
scalar φ to thermal plasma is much slower than the typical interaction time scale of thermal
plasma in our case. Third, the broad resonance does not occur in this case since λφ˜ ≪
mχ,th violates the condition for non-perturbative particle production: Eq. (3.44). The narrow
resonance also does not occur in our cases. This is because at least mφ > mχ,th is required
for the narrow resonance to take place, and in addition the growth rate of narrow resonance
should be larger than the decay and dissipation rate of χ [33]: λ2φ˜2/mφ ≫ max[αT, y2λφ˜]
in order for the induced emission to be efficient. These conditions are unlikely to be satisfied
in most cases of our interest. (See the discussion in Appendix. A.) Therefore, one can calculate
thermal corrections to oscillating scalar field by simply assuming that the background plasma
including χ particles can remain in thermal equilibrium [4,5].
First, we evaluate the effective mass term M2
φ
(t). We follow the arguments in Ref. [4].
Since the amplitude is small compared to the thermal mass of χ, the approximate solution of
χ ’s propagator can be obtained in the similar way as the former section:
Gχ(t , t
′;p) = −i
∫
C
dτdτ′ Gχ,th(t ,τ;p)

φ¯
K ′(τ,τ′)Gχ(τ, t
′;p) (3.61)
= −iλ2
∫
C
dτ Gχ,th(t ,τ;p)

φ¯=0
φ2(τ) Gχ,th(τ, t
′;p)

φ¯=0
+ · · · , (3.62)
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where K ′(τ,τ′) := λ2φ2(τ)δC (τ,τ
′)− i

Πχ −Πχ |φ¯=0

(τ,τ′). In the following, we drop the
subscript φ¯ = 0 for brevity. Aside from the thermal mass of φ, this term leads to the following
contribution:
− 2iλ4
∫ t¯
−∞
dτφ2(τ)
∫
p

Gχ,th
>
( t¯,τ;p)Gχ,th
<
(τ, t¯;p)− Gχ,th
<
( t¯,τ;p)Gχ,th
>
(τ, t¯;p)

=− 2iλ4
∫ ∞
0
dτφ2( t¯ −τ) ∂
∂ τ
D(τ)
=+ 2iλ4φ2( t¯)D(0)− 4iλ4
∫ ∞
0
dτφ( t¯ −τ)φ˙( t¯ −τ)
∫
ω
e−iωτD(ω) (3.63)
where
∂
∂ τ
D(τ) :=
∫
p

Gχ,th
>
(τ;p)Gχ,th
<
(−τ;p)− Gχ,th
<
(τ;p)Gχ,th
>
(−τ;p)

. (3.64)
This implies
−iωD(ω) =
∫
dτ eiωτ
∫
p

Gχ,th
>
(τ;p)Gχ,th
<
(−τ;p)− Gχ,th
<
(τ;p)Gχ,th
>
(−τ;p)

. (3.65)
Let us concentrate on the latter term of Eq. (3.63) that encodes the dissipation rate. Inserting
φ( t¯ −τ) = φ( t¯) cos[ML
φ
τ]− [φ˙( t¯)/ML
φ
] sin[ML
φ
τ], one finds
− 4iλ4
∫ ∞
0
dτ
∫
ω
e−iωτD(ω)
φ( t¯)φ˙( t¯) cos2ML
φ
τ

− 1
2ML
φ

φ˙2( t¯)−ML2
φ
φ2( t¯)

=:+ D1φ( t¯)φ˙( t¯) + D2
1
2ML
φ

φ˙2( t¯)−ML2
φ
φ2( t¯)

. (3.66)
Here the leading contribution to the effective mass of φ is denoted by ML
φ
= [m2
φ
+m2
φ,th
]1/2.
Since the second term vanishes if we consider the oscillation time averaged evolution equation
of φ’s energy density, we concentrate on the first term D1 that leads to the dissipation of
oscillating scalar. By definition, we have
D1 =− 4iλ4
∫ ∞
0
dτ
∫
ω
e−iωτD(ω) cos

2ML
φ
τ

=λ4
1
ML
φ
∫
dτ ei2M
L
φ
τ
∫
p

Gχ,th
>
(τ;p)Gχ,th
<
(−τ;p)− Gχ,th
<
(τ;p)Gχ,th
>
(−τ;p)

=2λ4

1
ω
∫
P
[1+ fB(p0) + fB(ω− p0)]ρχ,th(p0,p)ρχ,th(ω− p0,p)

ω=2ML
φ
. (3.67)
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Therefore, the dissipation rate can be expressed as
Γ
(a)
φ
= 2λ4φ2( t¯)

1
ω
∫
P
[1+ fB(p0) + fB(ω− p0)]ρχ,th(p0,p)ρχ,th(ω− p0,p)

ω=2ML
φ
. (3.68)
Taking the vanishing effective mass limit ML
φ
→ 0, one can obtain Eq. (3.52) consistently. In
contrast to the former case [Eq. (3.54)], the effective mass of oscillating scalar can be larger
than the thermal mass of χ: mφ > mχ,th. Then, the perturbative decay (annihilation) of φ
into two χ quasi-particles is kinematically allowed and the dissipation factor is given by
Γ
(a)
φ
= Nd.o.f.×
λ4φ2( t¯)
8πmφ
s
1−
m2
χ,th
m2
φ

1+ 2 fB(mφ)

θ

m2
φ
−m2
χ,th

(3.69)
for λφ˜ < mχ,th < mφ .
Next, let us evaluate the non-local term: −iΠJ ∗φ. A similar computation yields
−i
∫ ∞
0
dτΠJ(τ; t¯)φ( t¯ −τ)⊃ i
φ˙( t¯)
ML
φ
∫ ∞
0
dτΠJ(τ; t¯) sin

ML
φ
τ

= φ˙( t¯)

ΠJ(ω; t¯)
2ω

ω=ML
φ
.
(3.70)
Here we have extracted a term that contributes to the dissipation factor. Therefore, the dissi-
pation rate is given by
Γ
(b)
φ
=

ΠJ(ω; t¯)
2ω

ω=ML
φ
. (3.71)
Obviously one can obtain the former result [Eq. (3.56)] by taking ML
φ
→ 0. In the former
section case ML
φ
≪ αT , the phase space for the scattering φχ → ϕχ is quite suppressed since
the final particles are almost collinear in the rest frame of thermal plasma. For comparison,
let us evaluate the dissipation rate in the case of αT ≪ mφ ≪ T . In this case, one finds
Γ
(b)
φ
∼ Nd.o.f.
λ4
2mφ
2
(2π)3
∫
dΩk fB(Ωk)
∫ Ωk
dΩq
≃ Nd.o.f.×
λ4T 2
48πmφ
(3.72)
where there is no ϕ particles. If the ϕ particles are as abundant as thermal ones, then the
dissipation rate increases by a factor of 3/2.
3.4 Coarse-Grained eqs. for the ϕ particles
In this section, we discuss the evolution of ϕ’s propagators G
ϕ
J/H
assuming that the background
plasma remains in thermal equilibrium. Since these eqs. are coupled non-linear integro-
differential equations, they are practically more difficult to study than the Boltzmann equa-
tions. As extensively studied previously (See e.g. Refs. [19,23,34–43]), to make the problem
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more tractable, the Boltzmann-like equation are frequently derived from the Kadanoff-Baym
eqs. under several assumptions: Typically (i) Quasi-particle spectrum, (ii) Separation of time
scales, (iii) Negligence of finite time effects tini →−∞.
We consider the small amplitude regime, λφ˜≪ gT , for the following reasons. Technically,
within this regime, the background plasma including χ particles can be regarded as thermal
bath and the above assumptions are likely to be satisfied.♣15 Practically, as shown in Sec. 2.3,
the thermalization of ϕ particles become important when the amplitude of oscillating scalar
becomes smaller than the temperature of background plasma: φ˜ < T .
From the Kadanoff-Baym eqs. of ϕ [Eqs. (3.18) and (3.19)], one can derive the Boltzmann-
like equation for ϕ particles under the above assumptions and the adiabatic expansion of the
Universe:
∂t f
ϕ
p
−Hp · ∂p f ϕp =C [ f ϕp ] (3.73)
where
C [ f ϕ
p
] =
i
2Ωp
∫ t
tini
dτ

Π
ϕ
J (t ,τ;p)∂tG
ϕ
H(τ, t;p)−ΠϕH(t ,τ;p)∂tGϕJ (τ, t;p)

. (3.74)
The collision terms with the on-shell approximation for χ quasi-particles are given by
C [ f ϕ
p
]

4pt
= 8Nd.o.f.λ
4
∫
l,q,k
(2π)3δ(p− l− q−k)
1
2Ωϕ
p
2Ω
ϕ
l
2Ωχ
q
2Ω
χ
k
∫ t
tini
dτ
∑
{si=±}n
s1(θ (s1) + f
ϕ
p
)(θ (s2) + f
ϕ
l
)(θ (s3) + f
χ
q
)(θ (s4) + f
χ
k
)
cos
h
s1Ω
ϕ
p
+ s2Ω
ϕ
l
+ s3Ω
χ
q
+ s4Ω
χ
k

(t −τ)
io
, (3.75)
C [ f ϕ
p
]

3pt
= 4Nd.o.f.λ
4φ(t)
∫
q,k
(2π)3δ(p− q−k)
1
2Ωϕ
p
2Ωχ
q
2Ω
χ
k
∫ t
tini
dτ
∑
{si=±}n
s1(θ (s1) + f
ϕ
p
)(θ (s2) + f
χ
q
)(θ (s3) + f
χ
k
)
φ(t) cos
h
s4Mφ + s1Ω
ϕ
p
+ s2Ω
χ
q
+ s3Ω
χ
k

(t −τ)
i
− s4
φ˙(t)
Mφ
sin
h
s4Mφ + s1Ω
ϕ
p
+ s2Ω
χ
q
+ s3Ω
χ
k

(t −τ)
io
.
(3.76)
♣15For instance, in the large amplitude regime, we are interested in processes around the origin λ|φ(t)| ≪ T
where the χ becomes abundant. The time scale that the oscillating φ takes to pass this region is given by
δt ∼ T/(λmφφ˜). However, this time scale is too short to tell what is ϕ particle because mφδt ≪ 1.
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Sending the initial time to remote past tini→−∞, one finds
C [ f ϕ
p
]

4pt
=4Nd.o.f.λ
4
∫
l,q,k
(2π)4δ(p− l− q−k)
1
2Ωϕ
p
2Ω
ϕ
l
2Ωχ
q
2Ω
χ
kn
2
h
(1+ f ϕ
p
) f
ϕ
l
(1+ f χ
q
) f
χ
k
− f ϕ
p
(1+ f
ϕ
l
) f χ
q
(1+ f
χ
k
)
i
δ

Ωϕ
p
−Ωϕ
l
+Ωχ
q
−Ωχ
k

+
h
(1+ f ϕ
p
)(1+ f
ϕ
l
) f χ
q
f
χ
k
− f ϕ
p
f
ϕ
l
(1+ f χ
q
)(1+ f
χ
k
)
i
δ

Ωϕ
p
+Ω
ϕ
l
−Ωχ
q
−Ωχ
k
o
,
(3.77)
C [ f ϕ
p
]

3pt
=2Nd.o.f.λ
4φ2(t)
∫
q,k
(2π)4δ(p− q−k)
1
2Ωϕ
p
2Ωχ
q
2Ω
χ
kn
2
h
(1+ f ϕ
p
)(1+ f χ
q
) f
χ
k
− f ϕ
p
f χ
q
(1+ f
χ
k
)
i
δ

−Mφ +Ωϕp +Ωχq −Ω
χ
k

−
h
f ϕ
p
(1+ f χ
q
)(1+ f
χ
k
)− (1+ f ϕ
p
) f χ
q
f
χ
k
i
δ

Mφ +Ω
ϕ
p
−Ωχ
q
−Ωχ
k
o
. (3.78)
Here we have dropped the contribution proportional to φφ˙ which vanishes with the oscillation
time average.
4 Conclusions and Discussion
We have studied the dynamics of a scalar field with the Lagrangian (1.1). Although the scalar
field has a Z2 symmetry which ensures the stability of the scalar in the vacuum, its energy can
be dissipated through the scattering with χ particles in thermal background. In order to deal
with such effects, we have calculated the dissipation coefficient of the scalar field based on the
CTP formalism. It is found that the dissipative effect is so efficient that the energy density of
the coherent oscillation can be reduced to a cosmologically harmless level if the coupling λ is
larger than the critical value (2.24). It is understood intuitively: if the typical thermalization
rate of φ is larger than the Hubble expansion rate, φ is expected to be thermalized. If this is
the case, the final relic abundance of the scalar field is determined by the standard calculation
of the thermal relic abundance.
Let us mention possible applications. Such a scalar field with a large field value during
inflation could be a candidate of the curvaton. The large scale fluctuation imprinted in the
curvaton energy density can be turned into that of the radiation, if the curvaton coherent
oscillation decays/dissipates. Even if the perturbative decay is prohibited, as described above,
thermal dissipation effects can dissipate the coherently oscillating scalar into the radiation.
In the Z2-symmetric case, however, it is unlikely that the scalar field dominates the Universe
before it is dissipated. Typically, the fraction of the energy density of the coherent oscillation
to the total energy density of the Universe is much smaller than unity unless the initial field
value is very close to the Planck scale as long as we require that the scalar field is completely
dissipated. It would lead to too large non-Gaussianity if it is the dominant source of the
curvature perturbation. Therefore, it is difficult to explain the observed curvature perturbation
of the Universe by the Z2-symmetric scalar field without producing too large non-Gaussianity.
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Figure 2: Rough sketch for the classification of the scalar oscillation on (mφ,λφ˜)-plane. Light
red: oscillation with thermal mass. Dark red: oscillation with thermal logarithm. Light blue:
non-perturbative particle production occurs. Dark blue: parametric resonance occurs.
Acknowledgment
This work is supported by Grant-in-Aid for Scientific research from the Ministry of Education,
Science, Sports, and Culture (MEXT), Japan, No. 21111006 (K.N.), and No. 22244030 (K.N.).
The work of K.M. and M.T. is supported in part by JSPS Research Fellowships for Young Sci-
entists.
A Narrow resonance
In this appendix, we comment on the effect of narrow resonance which could happen in some
parameter ranges. We follow the arguments in Refs. [6,33,44].
First of all, we recall that the resonance regime does not appear if the condition (2.7) is
satisfied. Combined with the condition for the non-perturbative particle production (2.6), the
broad resonance occurs when
mφ
y2
≫ λφ˜≫max
mφ, m2χ,th
mφ
 . (A.1)
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On the other hand, the narrow resonance takes place for q ≡ λ2φ˜2/m2
φ
≪ 1 and mφ ≫ gT .
Thus we concentrate on this case. Hereafter we assume y ∼ g for simplicity.
Let us consider the first instability band for the χ at k ≃ mφ, where k is the physical
wavenumber of χ in the Fourier mode. The width of the instability band is given by∆k/k ∼ q,
and the growth rate of χ is given by ∼ qmφ .♣16 In order for the resonance to occur, the
momentum distribution of χ must not be disturbed in a time interval of (qmφ)
−1. The sources
for termination of the resonance are the χ interaction with thermal plasma and the decay of χ.
Thus we need qmφ ≫max[Γχ(∼ αT ), y2λφ˜] for the resonance. Another source is the Hubble
expansion, which redshifts the physical momentum of χ. The time required for removing χ
particles from the resonance band k ∼ m(1± q) is ∆tH ∼ q/H. During this time interval, the
growth of χ number density is at most ∼ exp(qmφ∆tH) ∼ exp(q2mφ/H). Therefore, we also
need q2mφ ≫ H for the efficient resonance. If these two conditions are satisfied, the χ number
density exponentially grows due to the narrow resonance effect. Fig. 2 depicts the parameter
region where the narrow resonance can occur.
If it happens, the end of the exponential growth may be caused by the self-interaction of χ.
For example, the rate of the self-annihilation process χχ → g g (gauge bosons) is estimated
as Γχχ→g g ∼ α2nχ/m2φ . If this becomes equal to qmφ , the resonance stops. It happens at
nχ ∼ (λ/α)2nφ . Therefore, for λ < α, we have ρχ < ρφ at the end of resonance and hence it
does not drastically affect the dynamics of φ field. (It is same order of the energy loss rate at
the preheating stage just before the narrow resonance regime.) The evolution of φ field after
the end of the resonance should be solved in a way described in the text and the results are
not much affected.
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